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6.4.8. The Rotated Direction in 3-space

(6.204)

(6.205)

(6.206)

(6.207)
6.4.8.2.

(6.208)

(6.209)

(6.210)

(6.211)
(6.212)

We look at rotations from the group of versor quaternions®2® described from a basis {1, iy, i,, i3}
(6.134) in the simple real linear unitary form (6.136)

where UUT=u2+u?+u?+u2 =1, and vu, €R.
We start with the simplified**’ 1-rotor versor elements of the angular form with an angle ¢

U= uo + u1i1 + u2i2 + u3i3 € ]HI,
Up= 1cosp +1,sint2p = etin¥e® as multivector = U= vu= v-u+vAu = e*»®,
where i, is the bivector unit for the rotation plane direction of this circular angular form.

To get a full regular rotation R(x) = Rx = UxUT of directions in 3-space we combine

two U(1) plane circular 1-rotors to a 2-rotor U = U4 Uy and by that achieve two angular

independent parameters 6 and ¢ arguments, e.g. unit spherical coordinates (1,6, @) for S2.
In our practice, we prefer to represent this independency by two orthogonal angular bivectors

0=0i, and @ = @i,
where the two perpendicular plane directions are given by the two chosen orthogonal basis

bivectors i, and i that autonomous implies the third basis bivector direction i; = i,i;.
A scalar has no direction, so its unit is a pure 1 and the versor basis is just {1, i,,i,,i5}.

Whence we write the two U(1) 1-rotors as = e*¥%9 and = et%9,
We combine these to a new SU(2) isomorph 2-rotor by multiplication

U= UyUy= et’Pet’d = +%is0et%ll  anditsreverse UT=UJU) = e %i20e=%is0,
Rotation of a Chosen Direction in J Space
In the Cartesian tradition the directions in 3-space are given by an orthonormal 1-vector dextral
basis {0,, 0, 03}. By this we select the chosen direction as oc;= — 1i;.

For the regular rotation of a chosen direction c; we use what we called
the canonical form for any orthogonal transformation (5.193) and (6.70)

n= Ros = UosUT = U,Uyo,UU) =
Separating the operating factors to achieve the form (6.204)
U = U,Uy = (cos % + izsin¥g) (cos Y20 + i, sin ¥20)

= cos Y2 cos Y20 — iy sinY2@ sin %0 + i, cos Y2 sin 20 + i; sin %2 cos Y20,
and the reverse

Ut= UgU;: = (cos %0 — i, sin ¥%260)(cos Yo — i sin Y2¢)

= cos Y2 cos Y20 + iy sinY2@ sin %20 — i, cos Y2 sin %260 — i; sin Y2 cos ¥26.

e+1/213(pe+1/212963e—1/21296—1/2l3(p

Setting the scalar coefficients in front, and then left multiply the reversed by o5
U = cos Y2 cos Y20  — sin Y2 sin %20 i; + cos Y2 sin Y20 i, + sin Y2¢ cos Y20 i5,

o3UT=cos Y cos Y20 65+ sin ¢ sin %46 6, + cos Y2 sin %6 6, — sin Y% cos %0 14 ,

because: o3, 04i;=0,, 04i,=—09, 04is= 1.
L1 O3, 222 i10,=03, 333 [(,00=—03, 444 —izi=03, (o
P 211 —Ii103=0,, 122 O, 433 [30;=0,, 344 —id=0,, [02]
rom 3,1:1: i20'3: 01, 423 —i30'2: 01, 13:2: 01, 244 —il’i =0, (]
41:1: i;0;= 14, 323 i,0,= 14, 234 10;=4, 142 i, i

we get by (6.211) U operating on the product (6.212) o;UT the specific direction from (6.208)

326 This is synonymous with the SO(3) group from the Spin(3) Lie group isomorphic to the special unitary group SU(2).
327 With a simplified rotor, we understand a rotor that only exists along its own plane and therefore belongs to the U(1) group.
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5)

(6.213)

(6.214)
(6.215)
(6.216)

(6.217)

(6.218)

(6.219)

(6.220)

(6.221)

(6.222)

(6.223)

(6.224)

n=U,Uy0,U U} = UosUt =
+(cos Y4 cos ¥%60)?0;—(sin Y@ sin %20)%0;—(cos Y@ sin %20)%0;+(sin %2 cos %:0)%0;
+ cos Y2 sin Y2 cos %20 sin %46 (6, + 6, + 6, + G,)
+(cos ¥2¢)? cos Y40 sin Y46 (0,+6,) — (sin Y%¢)? sin 120 cos %0 (6,+0;)
+ cos Y sin Y% (cos ¥460)?(4 — 4) — sin Y cos Y (sin %20)2 (i — 1)
The last pseudoscalar terms vanish, and we write out its 1-vector component directions

n;0; = ((cos %¢)? + (sin ¥29)?)((cos 1:6)? — (sin%0)?) 05 = cos b o,
N,0, = 2cos Y2 sin ¥2¢ 2 cos Y20 sin %20 0, = sin ¢ sin 6 o,
ny,o; = 2((cos Y%p)? — (sin 1/z<p)2) cos %0 sin 50 0, = cos ¢ sin 6 o4,

from which the unit 1-vector direction from (6.140) is
n = Uo;UT=n,0,+n,0,+n305 = sin(0) (cos(q)) o, + sin(@) 02)+ cos(0)o; €(V5,R), |n|=1,
whose Cartesian coordinates are expressed by its unit spherical coordinates (1,60, @)
ny; = cos ¢ sin @
n, = sin¢@ sin 6
n; = cos 6

with pole angle 6, and azimuthal angle ¢

This is the spherical map R g,,): 63— n, which specifies a direction relative to the polar direction.

When it comes to the versor quaternion plane direction we can translate from (6.217) to the dual
space by using (6.142)
i, = in = nqi; +nyi, +nsis, where i,> = -1 and n?4ni+ni=1
This is the spherical rotation map Ry ): iz3— ip.
By this, we get a resulting transversal bivector direction i, = in of a simplified circular 1-rotor

U‘Pn

Now we will imagine that the angular parameter ¢,, = wt is a development parameter in
one oscillation, which has its own autonomous 1-vector direction n.
On top of this, we will also imagine that the direction n can oscillate too. Then the direction of
the circular plane i, is oscillating too, then (6.220) is not as simple as it looks.
E.g., an oscillation in the i5 plane by the function e’3%3= e’s®3t and along i, by e'2#z2= el2@2¢
ih(¢3) = els®s ino and in(pz) = eizwzino_
The reader may in thought consider the impact, that a merge of these angular development
parameters @5, ¢, in the two governed 1-rotors, and imagine the form of
i,(03,¢2) = in(@s, @,) for the resulting rotating, rotation plane.

- - ..
= M%Pn — oth%¢Pn = 1 cos Y2, + i, sin Y2,

A comment to the inverse of (6.208):
o3 = R7'n) =UtnU = UJU/nU,U, =
It just gives the same as reversing both angular parameters,

e—l/zigqbe—’/zizene+1/zi298+1/zi3¢‘

—ny = €0S —@ sin —0
n, = sin —¢ sin—0
nz = cos —0
Therefore, not a parity inversion but the double reversion is just a reflection in one plane i;
n' = R0y = UtoyU = UJUSo3UpU,= —ny0,+n,0,4n505.
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