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—1. . The Time in the Natural Space — 2. The Parameter Dependent Mechanics — 2.2. The Hamilton Function —

2.2.2. The Operator Quantised Circle Oscillator
We introduced in section 1.7.5 (1.60) a quantity for the circle oscillator
qdw 4o = Golew = Gue

and its information development parameter derivative as a development change quantity (1.61)

R d .o~ .
do = 3;90(8) = —iw-§ue™*" = —iw-q,,.

— —iwt

(2.37)

(2.38)
From this I introduced (1.69) the imaginary differential operator i% for a circle oscillator

239) () = w(y).

Now we can convert the multiplication operation w- to an operator @ and write
] ]

B(p) =i (9). H(p) =i ().

(2.40) at

Some would prefer to write this

We recall, that ¢ is an arbitrary abstract complex test function for the operator.
Making an alternative rewriting of the unitary operator concept: Where we in section 1.7.5
introduced u,,= e~'“t transformed into an operator e "'®(t") = uy(t")

Uy(£) = 700 ~ @70 = TI(1) = ug (t)

— A funny way to promote understanding of the unitary one parameter unitary group elements ug(t")
I rewrite the operator @ to a differential operator with (2.40)

(2.41) or just Uy~ Uy

’ _ —iot _ if’ _ i ’
uga(t) = ugy ~ e = eat = ed(t).

Here is an interpretation problem hidden in the claim |e™® | = 1 and thus |e%t’ |=e® = |et|;
I encourage the reader to try a geometrical interpretation? We will try to consider this later.

— Anyway, no causality in t or t'. That is why we always count Z—Z =- % = 0 for any entity ¥,,. —

We remember that u,,(t) = e~“t €C is a complex number, which apply u,u;, = 1.

This of cause also applies to unitary operators uguz = 1.

We now see that the rotation ¢p— e'® of U(1) is given by the one parameter ¢p= wt~ @t ’.
Now the claim is that the quantity w through an operator @ gives the rotary oscillation.

The relative synchronisation parameter t’ is the ideal measure that must be based on a given
clock oscillator providing the timing parameter t, which relatively determines the quantities of

all the oscillators ¥, locally within the physical entity V.

2.2.2.2. The Spectrum of Oscillators
As we mathematically want a real continuous® spectrum of oscillators: it is necessary locally to
count on one continuous evolution parameter t. as synchronised relatively to a clock oscillator w,.
I call the operator in (2.41) ug=ugy(t)=e @ (t")=e"@t" for the evolution operator.3*
The quantity from (1.60) is now written

—iot' ~

Qw(t) = e ~e o = Upfw
This expression for parameter dependence applies to each frequency w in the spectrum.
Each frequency contributes with circle oscillations operation ug with the weight §,~ §(w) €C.
Integrated over the spectrum using the inverse Fourier operator, one gets the integrated
parameter dependent quantity as follows

q(t) = [pdwe™* §(w)

—iwt

(2.42)

(2.43)

53 The overall knowledge of quantum physics tells us this continuity is impossible. The finite quantum energy 7w for each oscillator
will cause an infinite energy density. The ancient atomic idea demanded that all entities in a physical universe will be countable.
This tell us to judge, that the density of oscillators must be finite. Remember this for physics, but in the pure mathematical Fourier
treatment of a spectrum this is ignored.

34 The operand t may in some cases be replaced by other quantities, e.g., the quantity q,, more about this later.
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—2.2.3. Quantised Probability — 2.2.3.2 Heisenberg Picture —

©)

Up till now, the treatment of these quantities for the oscillators has been abstract, and do not
necessarily show directly observable magnitudes. We must look at the probability of observing,
measuring, or determining a quantity.

2.2.3. Quantised Probability

We will now use Dirac's notation (bral|, |ket) in connection with probability functions Y (y),
that can be defined as vectors in a Hilbert space of square integrable functions. 1 € H = L?(R).
We can then define a scalar product

244)  (Wl) = i) Y (n)dy
The integrand represents the probability distribution p(y)dy=y*(y)yY(y)dy for p(y).
Has the entity W an observable quantity in physics, we will represent it by a Hermitian>
quantisation operator F, and let it work on an associated probability function ), as (ﬁ w)(y).
The expectation value®® of the observable quantity of the operator £ is
@45)  (F), = @IFp) = WIFlY) = [Z 9 0) FpGIdy,  where [p)~y and 9" ~ (I,
The parameter-dependent expectation value of F is written
246)  (F) = @OIFIP@)),
wherein the development one parameter dependent probability function from ) is given by
(2.47) [p@) = e PHP(0) = e Oy)
The expectation value (2.46) of F can now be written as
(2.48) (F), = (Ple'®F e |)
2.2.3.2. Heisenberg Picture
The parameter dependent operator becomes
(2.49) E(t) = el@tFe-itt
We write the total parameter derivative of F(t) as
iﬁ(t) _ i(eiatﬁv e—iat) — iDel@tfe-iBt 4 pidt (a_F) IOt 4 oIOtR.(_iy)e-i0t
(2.50) a oo dt _ aen o (RN
= e'®(QF — Fo)e !0t 4 ¢lot (E) e”@t = (QF@) —Ft)o) + et (E) e~iot,
By introducing the commutator product of the general form
(2.51) [bd]=bd —db or [apl=qp-pa — [3P]=§4P—-Pq
that is the operator-commutator, which is a relation expressed by the brackets [ , ]
by that, the derivative becomes
d a [ F ~ iot (OF\ —in
(2.52) EF(t) = —i[F(t), @] + e'®t (5) e 1ot
This last term is an explicit parameter derivative contracted by the form (2.49) to
the Heisenberg equation picture
d s, B ~ oF(t) .d s _If A~ ... O0F _
(2.53) EF(t) = —L[F(t), w] + = = lEF = [F,a)] , maintain —- = 0.
Comparing with the classical Hamilton formulation (2.26) with the Poisson bracket, we have
d — of
(2.54) —f = {LH + 3

we see an equivalence between the classical Poisson brackets and the operator-commutator

55 For a Hermitian operator applies F = F!; for complex functions f*(y)= f(—y); and matrices conjugate transposed F = F T
36 or the mean measure of the quantity for a large ensemble of cases.

© Jens Erfurt Andresen, M.Sc. NBI-UCPH, - 53— Volume I, — Edition 2 — 2020-22, — Revision 6, December 2022

L169%TL6L8-8L6 “€1-NASI :9[Y-Add PUB [PUrY “8469+C7L6L8-8L6 € 1-NASI NoeqIaded *1 €694 7L6L8-8L6 € 1-NASI [9eqpIey Wolj [eLajetl pa)jysLAdo)

For quotation reference use: ISBN-13: 978-8797246931





